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(0.1) V(y,z) := Vi(y) + V 12 (y,z) + V 2 (z) := ^Uy* + X C U?/A 2 ~^ s i z \ 

1 i,j> 1 1 

the corresponding inner product 

(0-2) (/, g)=[ dydzp(y, z)f{y)g{z), 
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and the moment matrix, 


(0.3) 


m n (t,S,C) . )o<ij<n—l ((?/ j ^'))o<i,j<ri—!■ 


As a function of t,s and c, the moment matrix moo(t,s,c) satisfies the differential 
equations 


(0.3') *== = A-m., ^ 

ot n os„ 


= —moo A , 


<9m P 


9c 


= A*mooA TJ , 




where A is the semi-infinite shift matrix defined below. 

Consider the Borel decomposition of the semi-infinite matrix^ 

moo = S^S 2 with Si E ^_oo,o, S 2 E V 0yOO 


with Si having l’s on the diagonal, and S 2 having hi s on the diagonal, with (see 
section 3) 

_ det m i+ 1 
det rrii 

The Borel decomposition = Si l S 2 above leads to two strings , p ^(*;)) 

of monic polynomials in one variable, constructed, in terms of the character x( z ) — 
(z n )nez,n>o, as follows: 

(0.4) P [1 \y) =■ Six(y) P (2 \z ) =: h(S^) T x(z). 


We call these two sequences string-orthogonal polynomials ; indeed the Borel decom¬ 
position of moo = S{ 1 S 2 above is equivalent to the orthogonality relations: 

(Pn\Pm) = Sn,mh n - 


We show in section 4 the string-orthogonal polynomials have the following expres¬ 
sions in terms of Schur differential polynomials^ 


Pn\y ) = 


0 <k<n 


Pn-k(-dt) det m n (t, s, c)^ k 
det m n (t, s, c ) 


..k nW(~) = V Pn-k(ds) det m n (t,s,c) ~ k 

0 <k<n det m n (t,s,c) 


lr Dk/ (k < t £ Z) denotes the set of band matrices with zeros outside the strip (k,£). 

2 The Schur polynomials pk, defined by e^i tiZ = X)(T Pk(t)z k and Pk{t) = 0 for k < 0, , 

(k) 

and not to be confused with the string-orthogonal polynomials p\ , k = 1,2, lead to differential 
polynomials 


Pk(±dt) =Pk( 


±A ±IA ±IA ) 

dti 2 dt 2 3 dt 3 J 
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To the best of our knowledge, string-orthogonal polynomials were considered for the 
first time, in the context of symmetric weights p(y, z)dydz, by Mehta (see [M] and 
[CMM]). 

The main message of this work is to show (i) that the expressions det satisfy 

the KP-hierarchy in t and s for each N = 1,2,..., (section 3) (ii) that the det hang 
together in a very specific way (they form the building blocks of the 2-Toda lattice) 
(section 4), (iii) that det satisfies an additional Virasoro-like algebra of partial 
differential equations (section 5), as a result of so-called string equations (section 
4). In [AvM2], we have obtained similar results for moment matrices associated 
with general weights on R (thus connecting with the standard theory of orthogonal 
polynomials), rather than on R 2 . It would not be difficult to generalize the results 
of this paper to more general weights p(y, z)dy dz on R 2 , besides those of (0.1). 

In terms of the matrix operators 

0 1 
0 0 1 
0 0 

acting on \ as 

d _ 

Ax(^) = zx(z), ex(z) = zpx(z), 

the matrices 

U := S X AS\ X ,L 2 := S 2 A t S 2 \Q\ := S 1 eS^\Q 2 := S 2 e T S 2 l 




interact with the vector of string-orthogonal polynomials, as follows: 

(0.5) Up {l \y) = yp (1 \y) Qip {l \y) = yr> (1) (i/) 

hL~l h~ l p^ 2 \z) = zp^^z) hQlh^p^^z) = y -p (2 \z). 

The semi-inhnite matrix Li (respectively L 2 ) is lower-triangular (resp. lower-triangular), 
with one subdiagonal above (resp. below); Q\ (resp. Q 2 ) is strictly lower-triangular 
(resp. strictly upper-triangular). In Theorem 4.1 we prove the matrices Li and Q, 
satisfy so-called “string equations” 


dV 

Q i + l 2 ) = o, 


dV 

Q 2 + yy(Ai, L 2 ) = 0. 
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When 


tl 1 2 

v(y, z) = Uy l + cyz-J2 s i z 

1 1 

then (0.6) implies that L\ is a £2 + 1-band matrix, and L 2 is a £1 + 1-band matrix. 

Moreover, as a function of (t,s), the couple L := (Li,L 2 ) satisfies the “ two- 
Toda lattice equations”, and as a function of c a ^, L satisfies another hierarchy of 
commuting vector fields; so, in terms of an appropriate Lie algebra splitting ( ) + 
and ( )_, to be explained in section 1, we have 


(0.7) 


dL_ 

dt n 


p;\o ) + ,l] 


()L 

3s n 


[(0,LJ) + ,L], 


OL 


-[(L“Lf,0)_,L], 


and, what is equivalent, the moment matrix satisfies the differential equations 
(0.3’), with solution (thinking of t n = c n0 and s n = —c 0n ): 


moo(t,s,c)= E , 

( r o!/3)c«,/3>oGZ°° \( a ft) ^a/3- 
( a ,/3)#(0,0) xv 


H -^ 7 ] A^'“^ 1 " r “ /3 m oo (0,0,0)A T ^> l/3r “ /3 ; 


in particular 


mooit, s, 0) = e^i tnA "moo(0,0,0)e ^1 


^A T " 


Thus the integrable system under consideration in this paper is a c Q g-deformation of 
the 2-Toda lattice, which itself is an isospectral deformation of a couple of matrices 
(Li,L 2 ), in general bi-infinite, depending on two sequences of times fi,f 2 ,... and 
Si, s 2 ,.... 

Moreover, the determinant of the moment matrix has many different expressions; 
in particular, in terms of the moment matrix at t — s — 0, using the matrix E N (t) := 

1 tnA ) of Schur polynomials p n (t) (see section 3). It can also 
be expressed as a 2-matrix integral reminiscent of 2-matrix integrals in string theory 
and in terms of the diagonal elements hi of the upper-triangular matrix 5 2 : 


( 0 . 8 ) 


N\ det mjv(£, s, c) = Ad det^£ , Ar(t)m oo (0, 0, c)En(—s) 

= f f e J2k=i v ( Uk ’ Vk '> JJ(uj — Uj ) JJ(uj — Vj)dudv 
■ 1 J11.ri. Hi A 


Kj 


1 <J 


N—l 


= hi(t,s,c ) 


= : r N (t,s,c). 
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Finally rjv(i, s, c ) is a “ t- function” in the sense of Sato, separately in t and sQ. 

The string equations (0.6) play an important role: they have many consequences! 
In Theorem 5.1, we show r N = det rri]y(t,s,c) satisfies the following set of con- 
straintsQ 

(0.9) (jf + (21V + i + l)jW + N(N + 1 )4 0) + 2 ^ rcy s —W = 0 
V r,s>l c * c i+r,s) 

(j[ 2) — (21V + i + l),/! 0 + N(N + 1 )4 0) + 2 £ sc rs -^—W = 0, 

V r,s>l 

for i > — 1 and IV > 0. 

When V 12 = cyz, the relations (0.9) reduce to an inductive system of partial differ¬ 
ential equations in t and s, for r 0 , Ti, t 2 ,..., (Corollary 5.1.1) 

(0.10) 

(j^ + (2N + i + l)J^ + N(N+l)jP)r N + 2cp i+ N(dt)pN(-d s )r 1 oT N _ 1 = 0 

(JP-(2N + i + l)J^+ N(N + l)J^)r N + 2cp N (dt)p l+ N(-ds)r 1 oT N . 1 = 0 

3 Sato’s r-function r(t) in t £ C°° is the determinant of the projection e~ Yh tiZ W —> H + = 
{1, z, z 2 ,..where IT is a fixed span of functions in z with poles at z = oo of order k = 0,1,2,.... 
Equivalently, a r-function satisfies the bilinear relations 

j) r(t — h _1 ])r(t' + [z _1 ])e^i _ q ; 

where C is a small contour about z = oo and where [a] := ^, ...^ G C°°. The bilinear 

relations imply that r(t) satisfies the KP-hierarchy. 

4 in terms of the customary Virasoro generators in fi,f 2 , •••: 

4 0) = s n0 , jP = ^ + (-«)*_„, 4 ^ = 0 

V = E E E “4+ E («oa«. 

2+ji—n i+j=n J -i-\-j=n J —i—j=n 

where denotes normal ordering, i.e., always pull differentiation to the right, and where a 
symbol = 0, whenever it does not make sense; e.g., d/dt n = 0 for n < 0. We also define Virasoro 
generators in s, namely 44 := 44 
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for i > — 1 and N > 1. 

involving the Hirota operation^; to be precise, the expression p n (dt)p m (—d s ) f o g ^ for 
d t and d s spelled out in footnote 2, is defined as the coefficient in the (u, u)-Taylor 
expansion of 

f(t + [u], s - [v])g(t - [u], s + [v]) = u n v m pn(dt)pm(-d s )f o g 

n,m> 0 

= £ Pi(dt)Pj(~d s )f .Pi'(-dt)pj'(d s )g. 

n,m> o *+ i = n 

j+j'=m 

0 

Also, in terms of W-generators, to be defined in (1.36), the matrix integral (0.8) 
satisfies (Theorem 5.2): 


( 0 . 11 ) 


iAj 

(£ 

k =0 


af’wAT 1 ’ + i’i > °. 


where and /d^" 1 are numbers defined in (5.10). A relation of this type was 

conjectured by Morozov [M], 

The technique employed here is the one of symmetry vector fields of integrable 
systems (KP, Toda, two-Toda, etc...), as developped in [ASVI] and [AV2]; they are 
non-local and time-dependent vector fields transversal to and commuting with the 
integrable hierarchy, when acting on the ( explicitly ) time-dependent wave functions; 
however bracketing a symmetry with a Toda vector held (0.7), which acts on the 
(implicitly ) time-dependent L , yields another vector held in the hierarchy. In [ASV], 
we have shown that for generic initial conditions the 2-Toda lattice admits a WooXWoo 
algebra of symmetries, i.e., an algebra without central extension. 

In this study, we consider special initial conditions, preserved by the Toda hows; 
we show they admit a much wider algebra of symmetries, to be described in Theorem 
2.1. This big algebra contains not only the algebra x above, but also a 
Kac-Moody extension ® C(h, /r _1 ) of (in two different ways). Via the Adler- 
Shiota-van Moerbeke formula, symmetries at the level of the wave functions induce 

5 Given two differential polynomials p{dt) and q(d s ), and functions /(ii, < 2 , •••; si, S 2 ,...), 
g(t\, t2, ...; Si, S2, ■••), define the Hirota operation for shifts y = (j/i, J/2, ••■) and 2 = (21,22,...): 

a o 

P{dt)q(d 8 )f o g(t, s) := p{—)q( — )f(t + y,s + z)g{t -y,s-z) 
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symmetries at the level of the r-function; these symmetries form an algebra with 
central extension, van de Leur [vdLl,2] has a striking representation-theoretical 
generalization of the ASV-formula; it is an open question to understand whether it 
includes the wider class of symmetries under consideration here. 

The string equations (0.6) are equivalent to the vanishing of a whole algebra of 
symmetries, viewed as vector fields on the manifold of wave functions; they lead, 
upon using the ASV-formula, to the algebra of constraints (0.9) and (0.10) (on the 
2-matrix integral), viewed as vector fields on the manifold of r-functions, and this 
in a straightforward, conceptual and precise fashion. 

We wish to thank S. D’Addato for a superb typing job. 


1 The 2-Toda lattice and its generic symmetries 

Define the column vector x(z) — (z n )nez, an d matrix operators A, A*, e, e* defined 
as follows: 

d 

A x{z) = zx(z), £x(z) = fcX(z), 

A *x(z) = z~ 1 x(z), £*x(z ) = ~J~~J \ t : )• 

Note that 

A* = A T = A -1 , £* = -e T + A, 

and 

f A T y(^ _1 ) = zx{z ~ l ), Ay(^“ 1 ) = ^" 1 y(^ _1 ), 

(1.1) < £ T x{z~ 1 ) = z-'xiz- 1 ) - f^z- 1 ) 

( £* r x{z ~ l ) = zxiz- 1 ) - Q^=rx{z~ 1 )- 

Consider the splitting of the algebra T> of pairs (Pi, P 2 ) of inhnite (Z x Z) matrices 
such that (Pi)ij = 0 for j — i S> 0 and (P 2 )^- = 0 for i — j S> 0, used in [ASV2]; to 
wit: 

V = V + + V_, 

V + = {(P, P) | P i:j = 0 if |i - jl » 0} = {(Pi, P 2 ) e P | Pi = P 2 }, 

P- = {(A, P 2 ) | (Pi)ij = 0 if j > i, ( P 2 )ij = 0 if i > j}, 
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with (Pi, P 2 ) = (Pl, P 2 )+ + (Pi, P 2 )_ given by 


( 1 . 2 ) 


(Pl, P 2 ) + — (Piu + Pit-, Pm + Pvt), 
(Pl, P 2 )- = (Pu — P'2t, P 2 « ~ Plu); 


P u and P? deLiote the upper (including diagonal) and strictly lower triangular parts 
of the matrix P, respectively. 

The two-dimensional Toda lattice equations 


(1.3) — = [(£”, 0) + ,L] and — = [(0, L”) + , L\ n = 1,2,... 
are deformations of a pair of infinite matrices 

(1.4) L=(L u L 2 )=( y aj'W, y af’A-Je®, 

—oo<i<l — l<i<oo 

where A = (^•_j il )j je z, and and a® are diagonal matrices depending on t = 
■ ■ •) and s — (si, s 2 , ...), such that 


= / and (a^l) nn ^ 0 for all n. 

In analogy with Sato’s theory, Ueno and Takasaki [U-T] show a solution L of 
(1.3) has the representation 

L x = kkiAkkf 1 = Si AST 1 , ^2 = W 2 A~ 1 Wz 1 = S 2 A- 1 S 2 “ 1 
in terms of two pairs of wave operators 


Si = E;<o Ci(t, s) A\ S 2 = Ei>o c'(t, s)A* 

Q, c' : diagonal matrices, cq = /, (cq)^ 7 ^ 0 , for all i 


and 


(1.5) W 1 = Si(f,s)eSr^ Afc , = S 2 (f,s)eEr^ A_fc . 


One also introduces a pair of wave vectors \k = ('k 1 , ^ 2 ), and a pair of adjoint 
wave vectors, v k* = ('kj,'^), instead of a single wave function and a single adjoint 
wave function: 


^ 1 (t,s : z) = W lX ^)=e^ tkzk Six(z) 
*2 (t,s,z) = W 2X (z ) = e rr^- k S 2X (z) 
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( 1 . 6 ) 



and 


(1.7) 

f v* = (wi)-\*(z) = c -£r^(sT)-i x( *-i) 

1 T* = {WlYWz) = e-Er^(5 2 T )-i x (ri). 

The wave functions T and T* evolve in t and s according to the following differential 
equations^: 

(1.8) 

/ @ = (tI,0) + * = ((Lf)„,(II)„)* 

1 £ = (0.ij)+» = ((iJ)/.(£SW* 


(1.9) 


= (W,0) + ) T *‘ 

a|y = -((o,i;)+) T 'i>*. 


Besides L = (L 1; L 2 ) = (S'iAS'x \ 1 ), the operators 


L* 


L% 


(Lj,Ll) 


M=(M 1 ,M 2 ) := (W 1 £W 1 -\W 2 £*W 2 - 1 ) = (s 1 (£+Y / kt k A k - 1 )Si\S 2 (£*+Y / ks k A Tk - 1 )Si 1 

i i 

M* = (M*, M*) = (-MJ + Lj~\ -Mj + Ll~ x ) 
satisfy, in view of (1.1): 


( 1 . 10 ) 


L*m* = (z,z~ l )^\ 


V* = (if a# 1 ))*’ [L, M] — (1,1), 

M ** = (® a#!))**’ = (1,1). 


The operators L, M, L T , M J and W := (Wi, W 2 ) evolve according to 


( 1 . 11 ) 



6 Here the action is viewed componentwise, e.g., (A, B)^> = (A'tq, .BiEq) or (z,z 1 )'E' = 
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( 1 . 12 ) 





where 



(1.18) 

V = 

00 z - 

Ey 

i 1 

so that 



(1.19) 

e ar,+bn f(t 

with [ct] := (a, 

a 2 /2, a 3 /3,. 

..). 1 

one of [U-T], 




00 -V* f) 

and P = £--f, 

V 1 ° S i 


f(t,s) = f(t + a[z ],s + 6[z]) 


The symmetries of the 2-Toda hierarchy are conveniently expressed in terms of 
the operators L and M. In view of the relation 


( 1 . 20 ) 

the Lie algebra 




* 2 = mSl%* 2 , 


span^z* a, (3 e Z, (3 > o| 






comes naturally into play. To be precise, denoting by </> the algebra antihomomor¬ 
phism 

(^ a (d/dz)P,0) ^ (MfL“,0) 


): Woo X Woo 


£> : 


(0, u a {d/duf) ^ (0, M|L 
we have a Lie algebra antihomomorphismQ 


Y: X 


P 


{symmetries on T, T*, L, L T , M, M T } 

Y P T = -0(p)_tf, Y P T* = (0(p)_) T T*, 

Y P L = [-0(p)_,L], Y P L T = Mp)_) r ,L], 
Y P M = [—0(p)_,M], Y P M T = Mp)_) r ,M r }. 


So for any admissible^] polynomial q of L and M, we have 


(1.21) Y p (q) = [—p-,q] and Y p T = — p_T. 

7 Thus — Y is a Lie algebra homomorphism; note we shall more often denote Y p by Y . 
®The products M?Lf are admissible, but, in this generality, the product LiL 2 obviously does 
not make sense. 
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To prove 


Ypi, Y P2 Y[p ljP2 ], 


one computes 

[Y P1 ,Y P2 ]T = -Z 1 T ! 
where, upon using V_ and D + are Lie subalgebras, 

■■= -(Y Pl (p 2 ))_ + (Y P2 (p 1 ))_ - \pi-,P2-] 

= [pi-,P 2 \- + [ Pi— i Pi] — - \pi-,p 2 ~] = \puP 2 \- 


Moreover 




_d_ 

OSn 


1* 


indeed, from (1.8), the vector held, 


0 ; 


(1.22) Z 9 T = g+T, Z q p = [q + ,p\ 
represents for q = (L”, 0) and for q = (0, Lg); now one checks 

(1.23) [Y P ,Z = 


where 


Z 2 = (Z,(p))_ + (Y p (g))+ - [g+,p_] = [q+,p]~ + [~p-,q] + - [q+,P-\ = 0. 

Remark 1 : Some explanation is necessary to understand the equation above YpT* = 
(0(p)_) T T*: the hows on the transposed matrices L T , M T are immediately obtained 
from the original hows by just taking transposes; the hows on the adjoint wave 
operator T* are obtained as follows: since 

,, ,,, ( = 

11 1 «, *5) = ((wry, (wtTM*- 1 ), 

we have for any deformation that 

T' = W'x(z), < = (WrYx(z). 

Thus, we have the straightforward equivalences: 

W' = A,W t « T' = A^, 
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and 

(WrY = -A T (Wry <*=► < = -7L t T*; 

so, we conclude 

(1.25) T' = Al', ■<=> T*' = -A t T*. 

Remark 2 : Spelling out the symmetries (1.21) on L and T, one finds 

(1.26) Y m „ l ,L = M)^ 1 (M“L?)„) , L 

XX Y / 


(1.27) = (-l)‘-‘ (-(M“Lf) t , (M“Lf)„) 

XX Y / 

and the equivalent equations, upon taking the transpose of the previous ones, 

Y „ fi y T = (-1)*- 1 [((M“if) ( , -(M“Lf)„) T . L t 


(1.27') 


Y aT* = 

M a L- 

X X 


■l)- 1 ((M“Lf) ( ,-(M“Lf)„) T <p-. 


The action of a vector field on T, commuting with the Toda flows, induces an 
action on r via (1.16), thus leading to the following relation between logarithmic 
derivatives of T and r: 


(L28) (|) = < e "" 


i)% = ( e -^-i)^±i+ f^±i- 

Tn V ^3/2 / „ r„/ 


7n+l 


v 7"n+l 7~n 


Proposition 1.1. Given the symmetry vector held Y p , the following relation holds: 
(1.29) 


Y p log = pnn 


Tn. 


Proof : On the one hand, taking into account the expression (1.16) for T 2 , we have, 
in view of the fact that e~^f(t,s) = f(t,s — [2]), the following Taylor expansion 
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about z — 0: 




n 


(a) 


(Pnn+0( Z ))( T ;+ I t ( *’; ) +0( Z )) Z 

(w +0 W) z " 


n 


= Pr 


0(z). 


On the other hand, 


( b ) ( e -'?_l)^±i + ( 


r' 


n +1 


T - ' T n+1 T n , rtt Tn +1 y q , \ 


-- + O(z) = (log ■ 

Ei+1 El Ei 


Ei+l Ei+1 Ei 

According to (1.28), the expressions (a) and (b) are equal, leading to (1.29). 


In order to spell out the precise relationship between the symmetry vector fields 
on dy and those acting on r, we need to discuss generating functions for the sym¬ 
metries. 

A generating function of the symmetries on the 'h-manifold is given by 


(1.30) 


Ya,* = -N_H 


which naturally leads to the symmetry on the L-manifold expressed in the Lax form 

(1.31) Y n L=[-N_,L\, 

with 

(1.32) N=(N 1 , 0) or (0,Y 2 ), 

00 (a _ \\ k 00 

Ni : = (,fi - A)e^~ A ) M 0(A, Li) = E 7, E \~'~ k KM^ 1 L k ~ 1+t ), 

*=! kl e^oo 

where 5(A,*) := A""*" -1 . 

A generating function of the symmetries on the r-manifold is given by a 
vector of the vertex operators, based on the one of Date, Jimbo, Kashiwara and 
Miwa, acting on a single r-function, 
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(1.33) 


X(t,\,n) - « l-> ( Hi*' M'/<’ “ 3")) hx|,(V ^(A * _ f, 

= E&o X-'-'Wf-\ with wf» = 5,„. 


So, the r-manifold symmetries for the 2-Toda lattice can be expressed as a vector 
of vertex operators X(t, A,/x) acting on the vector of r-functionsf]: 


II l °° 

(1.34) X(t,X, M ) ~ ((9”x(t, = E 


\k =0 


(/^~ A ) 

k\ 


k 00 


E v'-‘w£,> 


tiGZ 


(1.35) X( S ,A,m) := ((±)"x( s ,\„)) nez = 




\k=0 


£= — 00 


nez 


with 

(1.36) 


Kl = E [ ” I (W 


( and W?) = W^ t 




£—>S 


One easily computes (remember the definition of the customary Virasoro generators 
J’s in footnote 2) 

(1.37) W^ = 5 n , o, = and Wf = - (n + 1) ne Z 

and 

(1.38) 

=wf ) +mW/ 0) wg =^ (2) +2mMt (1) + m (m-l)^ (0) 

= jf 1 ' 1 + m5jo = + (2 m — i — 1) + m(m — 1)5*0- 

For future use, record the formulas 

(1.39) 


w%, + (< + i)»i‘> = U< 2> + (m + ’xtl) j}» + m(m + 1 h 


2 


2 i 1 2 

i + 3^ 7 (i) : m(m — 3) 
2~ 


id 


'i0- 


9 using (£)“ = E fe >o (fc) (V) and ( l ) = ^TT 
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The corresponding expression W ^ can be read off from the above, using (1.36), 
wich replaced by J^ = J^ \ t ^ s . 

The symmetry Yjy acting on T and L as in (1.30) and (1.31) lifts to the vertex 
operator X acting on r, as in (1.34) and (1.35), according to the Adler-Shiota-van 
Moerbeke formula [ASV2]: 

Theorem 1.2. The vector fields Y ^ and Y acting on the T -manifold and the 
vertex operators of type and jX(s, A,/i) acting on the r-manifold are 

related as follows: 

w _ f 

* V 

^( 0 ,^ 2 )^ _ T {/ —i) , X(s,A,/ t)t . ,X(s, A,/t)t 

T ~X\} j r j r 


-v 


1 ) X(t, A, p)r ^ (Ae _ - _ ^ 


X(f, A, /i)r N 


r 


r 


Expanding X and X in terms of IT-generators, and N t in terms of MfUf , we obtain: 
Corollary 1.2.1. For n,k G Z , n > 0, the symmetry vector fields Y M n L n+k, 

V1 i 

(■i = 1, 2) acting on T lead to the correspondences 


(1.40) 




1 )m 


#1 ,mZ r 


n + 1 


w (n t l) 

(e —77 — 1)—— 

I'm. 


(~m) 


(1.41) 


((M 1 ”L;+‘)„> I 2 ) m _ 1 f ,wyil(T m+l ) wj?y(T m ) 




n + 1 


Fn+l 


T n 


(1.42) 


\T/ 1 


1 , .ySlw 

(e 77 -1)- 


n + 1 


Trr 


(1.43) 


and acting on T* 


^2 , m Z m 


n + 1 


((M?L;+‘)„*2)„. _ 1 t udlAlw) irryi(r ra ) 


r(?2+l) 


7"m+l 


Tn 


(1.44) 


(((M 1 ”L’ 1 ‘ +t ) f ) T «i>; 


lAAiiwO 


n + 1 


1) 


An+1 
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(1.45) 


(1.46) 


(((M 1 ”LS‘^)„) T >K.;) m = _J_ / 

n + 1 \ r ™ Rn+1 / 

(((M?Lg+*) g ) T ^) m = 1 , „ _ jyff(wi) 

n + l le r m+1 


(1.47) 


(((^M 


n+fc\ \T 


m 


Rn+l / 


7-(n+l) / 


*2M 


71+1 


+7 


vT/* ■?-"* 

^ 2,77+ 

Remark : The expansion of the vertex operator (1.33) is obtained by multiplying the 
series 

OO OO 


fc =0 


i=l 


and 


= g> - A)‘f#»(|)A- 

fc=0 4=0 


where fj; k \u) and g^\u) are polynomials in u, vanishing at u — 0, except = 


gQ 0> = 1. Therefore 

(+-A)^ — 

t=~k 


x(t,\,n) = Y: 


k\ 


—OO OO 

f y, ^ A _fc_ ^(differential operator) j, 


k =o "" e=-k £=- oo 

showing, for all f 6 Z. 

(1.48) 

Wf k ' > = (polynomial in t, without constant term) 


pure differential 
operator 


+ S e , 0 S kfi , 


with 


wj k ' 1 = (pure differential operator) if and only if l > —k + 1 with d,k ^ 0. 


Observe, in view of (1.36), that for n,£ G Z, 


(1.49) 


Wn) = (differential operator) + (polynomial in t, without 
constant term) + (n)kSe ,o 

= (differential operator) + (polynomial in s,without 
constant term) + (—n)kSe,o- 
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2 A larger class of symmetries for special initial 
conditions 

In this section we consider the submanifold of L, M and T such that polynomials 
p(Li, Mi, L 2 , M 2 ) in Li, Mi, L 2 , M 2 are legitimate objects; e.g., LiL 2 makes sense. 
This point of view leads to a much wider algebra of symmetries containing the 
ones of section 1. Henceforth, we change the point of view; namely, p refers to a 
polynomial and not to a vector of polynomials as in previous section. 

From (1.11), it follows that, for such polynomials p, the Toda vector fields can 
be rewritten as: 

(2.1) = and ^ = [(LJ) t ,p] n — 1,2,.... 

Letting p = p(L\, M \, L 2 , A4 2 ) be a polynomial, we redefine symmetries as follows 

(2.2) Y p *P = (-p^.pA) = | 

and thus 

(2.3) Y p ( L u L 2 ) = (|-p ( , Li] , [p„, i 2 ]) = | j^ ) ° , y ] il 

and similarly for L\, L 2 replaced by My , M 2 . Then 

[Y P ,Y P ]» = ((Y p (p, 0))_ - (Y,(p,0))_ + [(p,0)-,(p,0)_])* 

= —((Y p (0,p))_ - (Y p (0,p))_ - [(0,p)_,(0,p)_])<f 

< 2 ’ 4 > = ((((Y p (p)V - (Y p (p)V + 

-«Y p (p)) P - (Y p (p))„ - [p„,pj)'I' 2 i = Y {p-p ,1 

where 

(2.5) {p,p} := -Y P (p) + Y P (p) - \pe,pe] + \p u ,Pu\- 

We verify that these more general vector fields are indeed symmetries, i.e. 

r\ 

M [y p>s -] = o, < is ) l Y a-ay l = 0 ’ 
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using the argument of (1.23). For the case (i), set 

Q = (q,Q) = m, 0) P = (p, 0), 
and, using (2.1) and (2.2), we define 

(a) Z Q (P) = J-(p, 0) = [Q+, P} and Z Q vf = Q + y 

(b) Y P (Q) = (-\p e ,q],0) = [-(pi,-Pu),(Q, 0)] = [-P-,Q], and Ypvh = -P_V; 

we are exactly in the situation (1.21) and (1.23), leading at once to [Yp, Z q] = 0, 
which is (i). A similar argument leads to (ii) 

Let A be the Lie algebra of generalized symmetries of the 2-Toda vector fields, 
with the standard commutator [, ]. Also, the ring of polynomials C[Li, L 2 , Mi, M 2 ] 
in the (noncommutative) variables L\, L 2 , Mi, M 2 , forms a Lie algebra, not only with 
regard to the standard bracket [ , ], but also with regard to the new bracket {p,p} 
defined in (2.5), as wil be seen in the next theorem; denote by 

Ai,Bi, Ci ,... = any monomial (L 1 , Mi, /) and A 2 , B 2 , C 2 ,... = any monomial (L 2 , M 2 , /). 

Lemma 2.1. The two brackets [, ] and { , } of the Lie algebraC[Li, L 2 , Mi, M 2 ] in¬ 
teract as follows: for monomials p = A 1 A 2 B 1 B 2 C 1 C 2 ■ ■ ■ and p = A 1 A 2 B 1 B 2 C 1 C 2 ■ ■ ■ 
in the algebra, two different expressions hold, 

[p,p\ — Ai\pi, A2 \BiB 2 CiC 2 ... — AiA2B\{p, 

+Ai [p, A 2 \B 1 B 2 C 1 C2 • • • + A 1 A 2 B 1 \p, B2\C\C2 ... + ... 

[p, Ai\A2BiB2CiC2 . • • + AiA 2 [p, B\]B 2 C\C2 ... + ... 

+Ai \p, A2\B\B2C\C2 • • • + A 1 A 2 B 1 [p, M- 2 ]C-'i C 2 ... + ... 

here is a Lie algebra homomorphism 

C [Li,L 2 ,Mi,M 2 ], { } .—> >4., [ ] 

p^Y p : Yp'L = -(p, 0)_^ = (0,p)_^ 

i.e., 

[Y p ,Y p ]* = Y {p , p} y. 


{p,p} = 

( 2 . 6 ) 

Theorem 2.2. 1 
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Moreover, we have the following inclusion (Lie algebra (anti)-homomorphism) 


A D Woo © Woo with {Ai, A 2 } = 0, 

and 

{A u B,} = [A u Bi] {A 2 , B 2 } = ~[A 2 , B 2 ]; 

Also 

(2.7) A D Woo ® C(/i, h^ 1 ), (Loop algebra over Woo), 
in two different ways: 

(2.8) {AiL\, BiL e 2 } = [Ax, Bi]L k+e , {L\A 2 , L[B 2 } = -L k + e [A 2 ,B 2 \. 

Corollary 2.2.1. The vector fields 

Y p \l/ = -(p,0)_tf with p = M r (L r ( +k , M^L^ +k , L“Lf 

all commute with the Toda vector fields 8/8t n and 8/8s n . The vector fields 8/8c a p, 
corresponding to p = Z/“L 2 > all commute among themselves. 

Remark 2.2.2 : The r-function can then be considered as a function of t, s and c, as 
follows: 

t(ci 0 + t\, c 2 q + t 2 ,...,; Coi + Si, C02 + s 2 , ...; Cn, Ci 2 , c 2 i, ...). 

Proof of Lemma 2.1, Theorem 2.2 and Corollary 2.2.1.: Since Y p (.) and [x, .] are 
derivations, one computes for p = AiA 2 B\B 2 and p = AiA 2 BiB 2 , that 

Y P (p) = Yp(A 1 )A 2 B 1 B 2 + A 1 Y p (A 2 )B 1 B 2 + A l A 2 Y p {B l )B 2 + A 1 A 2 B 1 Y P ( J B 2 ) 
= — [p^j ^4 i]^4 2 BiB 2 + -Ai[p u , t 4 2 ]B 1 B 2 — ^4i^4 2 [p^, Bi]B 2 + ^4i^4 2 -Bi[p u > B 2 ] 

f — —\pe,_AiA 2 BiB 2 \ -\- A\\pip u , A 2 ]BiB 2 + AiA- 2 Bi[pi + p u , B 2 ] 

01 \ = [Pn, AiA 2 BiB 2 ] - [p £ + Ai]A 2 B 1 B 2 - AxA^pe + Bi]B 2 

f — —\p£,p\ + ^2}Biil 2 + A\A 2 B\\j), B 2 \ 

° r \ = \p u ,P ] - [p, A 1 \A 2 B 1 B 2 - A^Ap, b 1 ]b 2 

and by symmetry, using the first expression, one finds 

Y P (p) = ~\pe,p\ + AAp, A 2 ]BiB 2 + A]_A 2 Bi\p, B 2 \. 


20 






Using the definition (2.5) of {p,p}, one computes 


{P,P} = -Y p{p) + Y p (p) - [pi,pe] + \p u ,Pu] 

{ = [PhP] +J P,Pe]~ \pe,_Pe]_+_\Pu,Pu] 

—Ai[p, A 2 ]BiB 2 — AiA 2 Bi[p, B 2 ] + Ai[p, A 2 ]BiB 2 + AiA 2 Bi\p, B 2 ] 

= -\Pu,P] + [P,PJ ] - \pe,Pe] + \Pu,Pu] 

+ [p, Ai\A 2 BiB 2 + AiA 2 \p, Bi]B 2 + Ai[p, A 2 ]BiB 2 + AiA 2 Bi\p, B 2 \ 

I = \p,P] — A\[p^A 2 ]B\B 2 + Ai[p,_A 2 \BiB 2 - A^B-Pp, B 2 \ + A^B^p, B 2 \ 
\ — \p, Ai]A 2 B\B 2 + AiA 2 \p, B\]B 2 + Ai[p, A 2 )BiB 2 + AiA 2 Bi\p, B 2 \, 

using 

\pe,P] + \p,Pe] ~ \pt,Pe] + \Pu,Pu] = \pt,P ] + \Pu,Pe] + \Pu,Pu] = [Pt,P} + \p u ,P\ = \p,P] 

and 

[pu,p\ - [p,P el + \pt,Pt] - \pu,Pu] = o, 

establishing (2.6). 

In particular we have the following: 

(2.9) {A 1 A 2 , BiB 2 } = [Ai, Bi]A 2 B 2 — AiBi[A 2 , B 2 ] 

{A 2 Ai, B 2 Bi} = A 2 B 2 [A\, B\\ — [A 2 , B 2 ]A\B\ 

{AiA 2 , B 2 Bi} = [Ai, B 2 ][B\, A 2 ] — Ai[A 2 , B 2 ]B\ + B 2 [Ai, B\]A 2 , 
from which it follows at once that 

(2.10) {A\,A 2 } = 0, {dli, Bi} = [A\, Bi\, {A 2 , B 2 } = — [A 2 , B 2 \; 

this implies that w^ C A. Moreover, the first relation of (2.9) leads to (2.8), 

implying (2.7) with h = Li or h = L 2 , ending the proof of theorem 2.2. From (2.9), 
it follows that 

(2.11) 

{L-iiLpf} = {L J 2 L‘,L J 2 'L<'}= 0 
{L[Ll,L<b f} = \L\ ,y'][u',4]. 

establishing corollary 2.2.1. 
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Theorem 2.3. Given functions 


f(Li,L 2 ) = Y,ai j L\L{ and g{L^L 2 ) = Y. b o L \ L l 

then the following matrices form a Virasoro algebra (without central extension) for 
the { , } -bracket^: 

(2.12) + /)} = {i-j)V+ i+ \M x + /) 

(2.13) {(M 2 - g)U+\ (M 2 - g)L{ +1 )} = (j - i)(M 2 - g)L^ +1 . 

If §zf ~ §z^> bbien bbie bwo representations decouple 

(2.14) {Li+^M, + /), (M 2 - g)L{ +1 } = 0. 

Proof : At first, we need to prove 

(2.15) 

{M 2 LlL a JL^} = PL'tfL^ + L^LW. 

OZ2 

Indeed, it suffices to do so for a monomial / = L\L\\ e.g., using (2.9), we have 

{. L\M !, L“ +i Lf +i } = [LjM l5 L« +i ]L% +j = -(a + i)L“ +i+fe - 1 Lf +j 
{M 2 L k 2 ,L« +i L$ +j } = -L^ +i [M 2 LlL p 2 +j }^^ + j)L^ +i L p 2 +j+k -\ 

Using the relation (2.10), (2.11) and (2.15) above, we find 

{L) +1 (M 1 + /), L{ +1 (M 1 + /)} 

= {Li +1 M 1; Li+'MJ + {Ll +1 /, A{ +1 Mi} + {Li +1 M 1; L{ +1 f} + {Li +1 /, M+ 1 /} 

= (i ~ j)L[ +j+1 M 1 + (i + l)Li +J+1 / + - (j + l)Li +J+1 / - L\ w ^- 

= (i-j)L\ +j+1 (M 1 + f), 

and the same relations yield 
10 / = f{L\,L 2 ) = aijL\L J 2 and g = g{L 1 ,L 2 ) = Eij 


22 




{(M 2 - g)Li +1 , (M 2 - g)Li +1 } 

= {M 2 V 2 + \ M 2 Li +1 } - {gV+\ M 2 L{ +X } - {M 2 U+\gfJ 2 +1 } + {gU+\ gL^ 1 } 
= (j - i)M 2 L[ +j+1 + (i + 1 )gL? j+1 + J|l* + ' +2 - (j + 1 )gV 2 +j+1 - 
= (j-i)(M 2 -g)Li +j+1 , 


confirming (2.12) and (2.13). Finally, one checks (2.14), 

{Li +1 (M, + /), (M 2 - 9 )4 +1 } 

= {L[+ 1 M,,M 2 L{ +1 } + {L\ + 1 f,M 2 Li +1 } - {L\+'M u gLi +1 } - {L\+ l f, s Lt+‘} 
= 0 - LpS-Lf 1 + + 0 = -L\ +1 (21 - ^.)4 +1 , 

ending the proof of Theorem 2.3. 

In the next theorem, we provide the explicit solution to a large class of symme¬ 
tries and, in particular, to the system of differential equations (0.3’). Since the Si 
and S 2 of the Borel decomposition of the moment matrix rrioo will turn out to be the 
Si and S 2 of this section, it will suffice to prove theorem 2.4. Note that symmetry 
vector fields of the form 
(2.16) 

<9T 

— := Y P T = -(p, 0)_T = (-p£,p u )(Ti, T 2 ) with p = pi(L u M-i)p 2 (L 2 , M 2 ) 

DC 

induce vector fields on Sf 1 S' 2 : 


(2.17) 


0Sf x S 2 

dc 


Pi(A,e + kt k A. k 1 )S 1 1 S 2 p 2 (A T ,e* + J2 ks kA Tk *). 

k= 1 fc=l 


Theorem 2.4. For symmetries of the form (2.16), we find the solution 
(2.18) (Sf 1 S 2 )(t,s,c) = 


oo 

E 

r=0 


r oo 

-p[ (A, £+5: kt k A^eZV ^ k (S^S 2 ) (0, 0, 0)e^ ZT ^ Tk p ; (A T , £ *+ 


OO 

E kt k A Tk ~ l ) 

i 


Tiv(f, s, c ) = det(E 1 S 2 (t, s, c) 




0<i,j<N-l 


with 

(2.19) 
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Corollary 2.4.1. In particular, symmetries of the form 


chi' 

dCafi 


:= Y, 




have the following solution 


w pi 

Sr'Szit, s, c a(3 ) = Y -f A ra e£“ tkAk Sf 1 S 2 (0, 0, 0)e" ^ Tk (A T )^ 

r=0 r ’ 


Corollary 2.4.2. In general, setting t = c w and s = — c 0 ,i, we have 

S i 1 *S'2(t, S, Cn, C12, • • •) = 


( r a,8)a,/3>o€Z X 

(a,/3)#(0,0) 

Proof of theorem 2.4 : Note that the vector field (2.16) induces the vector field 

Yp(S'i) = -p ( S\ and Y P (S 2 ) = p u S 2 

and thus for p = pi(Li, Mi)p 2 (L 2 , M 2 ) as in (2.16), we find 

Y P (S^S 2 ) = -Sf 1 (-p £ S 1 )Sf 1 S 2 + Sf 1 p u S 2 = Sf 1 pS 2 
= Sf x pS 2 



" /3 5' 1 “ 1 S' 2 (0,0, 0,.. .)A T £***■«*; 


= pr(A, £ + £ kt k h k ~ 1 )SYS 2 p^ T , e* + Y ks k {K T ) k ~'), 

i i 

a linear differential equation for Sf 1 S 2 . Since for any linear differential equation 

_ n r 

— = L(x) x(c) = e cL x(0) = £ -r£ r z(0), 

oc r\ 

the conclusion (2.18) follows. Corollary 2.4.1. is merely a special case of (2.18), 
while corollary 2.4.2 takes into account the t-, s- and c Q ,g-flows all at once. 
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3 Borel decomposition of moment matrices, r- 
functions and string-orthogonal polynomials 


Consider the weight p(y, z)dydz = e v ^ v,z ^dydz on IR 2 , the corresponding inner prod¬ 
uct ( , ) and the moment matrixf] m n (t,s,c), as in (0.1),(0.2) and (0.3). In the 
introduction, string-orthogonal polynomials were defined as two sequences of monic 
polynomials of degree i, each depending on one variable (y and z G IR) 

{pf’MlSo {p! 2) (*)}£ o. 


orthogonal in the following sense 

(Pi 1) ,P? ) ) = hiSij. 

Also consider the N x oo matrix of Schur polynomials^ Pi(t): 


(1 

pi(t) 

P2(t) ■ 

.. p N -l(t) 

p N {t) . 

.. \ 

0 

i 

Pl(t) ■ 

■ ■ PN—2 (t) 

PN-l(t) • 


0 

0 

0 . 

.. Pl (t) 

P2(t) • 


V° 

0 

0 . 

1 

Pl(t) • 

• / 

(pj- 

i(t)) Q 

<i< N 

- 1 




0 < j < oo 


The polynomials ( y) and (z) have explicit expressions in terms of the moments 


/ 


(3.1) p«(y) = 


det m n (t, s, c' 


det 


m n (t,s,c ) 


\ hn,o(t *-") 


h"n,n—l(j'i ^) 


1 \ 

2 / 


y n 


a 


In this and subsequent sections 


(f, S, c) — ^(^n )n>l, (5n)n>l, (Cct/3)ct,/3>l ^ —■ {pa.@) 


a,/3> 0 
(a,/3)^(0,0) 


with the understanding that t n = c n o, s n = — Co n . 

E oo i ^ 

1 tiZ = X)o° Pk{t)z k and pk(t) = 0 for k < 0, are not 
(k) 

to be confused with the string-orthogonal polynomials p\ , k = 1, 2. 
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and 


Pn \ z ) = 


det m n (t, s, c] 


det 






Pn— l,n(^j c) 


1 \ 


from which 


hi = {pi\pf ] ) = (pf\z l ) 


(i) 


det nii + 1 
det m, 


For future use, we need some notation: for an arbitrary matrix 


A ( &ij ) 


0<t.j<7V-l 


with iV finite or infinite, denote by Ai the upper-left i x % minor and A, := det Aj, 
with ?’ > 1 and A 0 = 1; assuming all A* ^ 0, define the following monic polynomials 
of degree i (0 < i < N — 1) 


(3.2) Pi(z,A) ^-det 


A, 


v i—1 


\ diO 


A 


(i+l) 
ji 


1 / 


^ A- 

0<i<i * 


Z J = z + ..., 


with 

A-- +1) = Aj and A^ +1) =0, i < j. 

Given the character x(z) = (l,z, z 2 ,.. .) T , the lower triangular matrix 5(A), with 
l’s along the diagonal, is defined such that 


(3.3) S(A) X (z) := (P„(z, A), P,(z, A),.. .) T . 


Also define the N x N diagonal matrix h = h(A ) 

(3.4) h := diag(h 0 , h u ..., h N _ i) := diag (^-,. .. , AjV ), 

^0 LAN—l 

and so Ajv = TIo^ -1 hi. Theorem 3.1 shows that performing the Borel decomposi¬ 
tion of the matrix rrioo is tantamount to the construction of the string-orthogonal 
polynomials . Given m 0 0 , define S(m oo), 5(m^) and h(m 0 0 ) by means of (3.3) and 

(3.4) . We now state Theorem 3.1, whose proof can be found in [AvM3]. 
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Theorem 3.1. The vectors of string-orthogonal polynomials are given by 

(3.5) P (1 \y) = L^xiy) and p (2) (z ) = (f/' 1 ) T x(-) 

where L and U are the lower- and upper-triangular matrices respectively, with 1 ’s 
on the diagonal, appearing in the Borel decomposition of the matrix moo: 

(3.6) moo = L h U := S~ 1 (m 00 )h(m 00 )(S~ 1 (mJ 0 )) T . 

Corollary 3.1.1. The string-orthogonality relations are equivalent to the Borel 
decomposition of the moment matrix moo •' 

(3.7) ( pf\pf } ) = h.Aj S(m 00 )m 00 (S(mJ 0 )) T = ^(m^). 

Remark 3.1.1 : Any matrix A (finite or infinite), with all A* ^ 0, can be realized as 
a moment matrix moo an d the recipe (3.6) provides its Borel decomposition. 


The determinant of the moment matrix mx can be expressed in terms of a double 
matrix integral, as stated in the following theorem: 

Theorem 3.2. The following integral 

(3.8) 

r N (t,s,c) = f f e£*-i v ^ M) Yl(u,-u j )Yl(v i -v j )dudv 
J Ju,v £nm i<3 

= iV! det mjv(f, s, c) 

= N\ det^!7Ar(t)m oo (0, 0, c)E N (—s) T ^j 

is a r-function oft and — s; in particular tn satisfies the KP-hierarchy in t and s, 
for each N — 0,1,...; moreover the h n = (Pn\p^) are given by 


(3.9) 


h n (t, s, c) 


'Tn+l (t , S, c) 
T n (t,S,c) 


T 0 (t,S,c) = 1. 


Remark : For V(y,z ) = 5di° Uy l + cyz — J2T sA, the integral (3.8) is well known 
[AS1] to be the two matrix integral, integrated over the space of Hermitean matrices 
of size N: 

__ 2 N 

i—g) +N ■ IT « / / 

V v c/ k =1 J J'HnxHn 

Before giving the proof of this theorem, we shall need several Lemmas: 
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Lemma 3.2.1. 


m N (t,s) = E N (t)m oo (0,0)E N (-s) T . 


and 

moo{t,s) = e^ tnA ”m oo (0,0)e 

Proof: 


m N (t,s) 

= (J J n e Vl2{u ’ v) e~^ vj du dv) 


1 <i,k<N 


Y Pi(t) 

\i,j=0 


HU 


> 

e vMu,v) u i+e-i v j+k-i dudv ^ p .(_ s j 


l<e,k<N 


= (Y Pi( t )^-i,j+k-i(0,0)p j (-s)) i<ek<N 

i,j =0 

= E N (t)m oo {0,0)E N (-s) T . 

The second line follows from the first one, since E^it) = e^ tnAn , establishing 
Lemma 3.2.1. 

Lemma 3.2.2. For arbitrary sequences of monic polynomials and p^\ we have 
det(r4 1 )i<^,fc<jv det(n£ 1 )i<t t k<N 

= Y detfr/r 

V °V') ^W/ \<i k<N 

ctgSn 

= det(p‘ 1 ' 1 (« t )) 1£( ^ N det(p< 2) I (^)) i£( ^ N . 

Proof: This is a standard result about Vandermonde determinants. 


Consider a linear space W° spanned by formal (Laurent) series in z (for large z): 

N -1 

IP 0 = spanj Y, cijkz\ k — 0,..., N — l| © z N H + . 

j =—oo 

Lemma 3.2.3. Letting 

W l = e EUzi W°, 

the r-function 

r(t) = det(Proj : W t -> H+) 



has the form 

r(t) = det(i£jv(£)ajv), 

where a n is the (oo, N)-matrix of coefficients 


( OjV-1,0 • • • 0>N-1,N-1 \ 


(3.10) 


(In 


a 10 • • • a i,N-i 

Qqo • • • Qq,jv-i 

a_io • • • 0 -i,jv-i 

tt -20 • • • 0-2,JV-l 

V / 


Proof: 


OO TV—1 OO 

W l = span {J2pi(t)z % Y a jn z J ,n = 0,1,..., IV - lj © {^Pi(0^ +JV+fe , k = 0,1,2,.. 

2=0 j = — OO 0 

= span| Y z k Pk+j(t)a- jn , n = 0,1,..., IV - l} © 

&EZ j>max(- k,— 7V+1) 

oo 

{YPi(t)z i+N+k ,k = 0,1,2,...}. 
o 


Therefore, recording the coefficients of z k in the kth row starting from the bottom 
(k = 0,1, 2,...), the projection W* —> H + has the following matrix representation: 


r(t) = det Proj (W*-> H + ) 




P2 

Pi 

1 ... 



Pi 

1 

0 ... 

.i>S+i a -i°n+ N ■ ■ 

' ,->5+1 

1 

0 

0 ... 

j>H r+i a -iOPi+JV-l • • 

' j>Sr+i a -^ JV - 1 ^'+ JV - 1 


O 


Y2 d-joPj+i 

3 >~ 1 

X. a -j,JV-lPj+l 
j>-i 




11 

- i>o 

S a -j,N-lPj 
f >o 





29 



= det 


I {l-jOPj+N-l ... T, a-j,N+lPj+N-l ^ 


\ X) d—joPj 

\ j> 0 




= det(-Ejvcijv), 


ending the proof of Lemma 3.3. 

Proof of Theorem 3.2 : indeed, using Lemma 3.2.2 and Lemma 3.2.1, we have 
(3.11) 


f f e^'i*=i v ( Uk ’ Vk ^Y[(ui — Uj)Y[(vi~Vj)dui...du N dvi...dv N 
J Ju,ve m n t<j %<3 

/L..a'"'“.§. **<•->»>• 

^ det (J J e VM u^ 1 v k ~ 1 du dv) 


l<e,k<N 


du\... dujy dv i... dv n 


l<^,fc<V 


= N\ det(mjv(^, s)) 

= N\ det(E N (t)m oo (0, 0)E N (-s) T ). 


Lemma 3.2.3 shows the latter expression is a r-function in t and in —s, where 
alternately a^\—s) = m oo (0,0)Ej f (—s) yields an initial plane in the Grassmannian 
parametrized by s, or a!$(t) = m^ o (0,0)Ej f (t) yields an initial plane parametrized 
by t. Finally (3.9) follows at once from (3.1’), ending the proof of Theorem 3.2. 


4 From string-orthogonal polynomials to the two- 
Toda lattice and the string equation 

Given the (t, s, c)-dependent weight e vi ' y,z> as in (0.1), its moment matrix rn^ admits, 
according to Theorem 3.1, the Borel decomposition 

(4.1) moo = S^h(S^) T , 

upon setting (in the notation (3.3)), 

(4.2) Si := S(m 00 ) l S 2 := S(m^). 


30 



Also, according to Theorem 3.1, the semi-infinite matrices Si = S\(t, s,c) and S 2 = 
S 2 (t,s,c) G P_00,0 lead to string-orthogonal (monic) polynomials (pd) ; p( 2 )) with 
n ; we also define new matrices Si, S 2 G Ho, 00 an d vectors T j and 

T 2 , as follows: 


P [1) (z) =■ Six(z) 

and 

p [2 \z) =: S 2 x(z) 

Si := h(S 1 - 1 ) T 

and 

s 2 := 

Ti := e stfc “ fe j 5 ( 1 )(-) 

and 


= e stfc - ,c 5 , 1 Y(-) 


' =e- s ^- fc (S 2 - 1 ) T x(^ 1 ) 


Also dehne matrices Li,L 2 G H_ 00jl , L 2j Li G H_ 1)0O , and Qi,Q 2 G V_ OQ _ 1 so that 
(i) Zp^z) = Y,l<n+l{L 1 ) n e.p [ l\z) ZpW(z) = Y,i<n+l{L 2 )ntP?\z) 

( 4 - 4 ) (ii) ='£e<n-i(Qi)neP i l\z) ^pi 2) (-) = Ee<n-i(Q 2 )nepf ) (z) 

(iii) Li = hLjh~ 1 : L 2 — hLjh~ 1 . 

Using the latter, we check, 

z*i = e Etkzk zp^(z) = eP tkzk L].pd) — L 1 T 1 , 

and 

= e - Ss ^' fc h- 1 z- 1 p (2 )( /2 - 1 ) = e - s ^" fc h- 1 L 2 p ( 2 )(.-i)) = 

leading to the formula (4.5) below upon setting L 2 = Lj] at the same time, we also 
dehne the matrices Mi and M|: 

(4.5) = 

(m u m; := 

Theorem 4.1 (“String equations”). The matrices L and Q satisfy the con¬ 
straint 

OT T / OT T \ T 

(4-6) (i) Oi + ^-(ii,i 2 )= 0 , (ii) Q 2 +(- 57 Pi.it)) =°. 

13 If f(y, z) = T,Cijy l z\ then f(L u L 2 ) = T,CijL\L° 2 . 
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and the matrices L and M 


(4.7) (i) M 1 + ^(L 1 ,L 2 ) = 0, 


(ii) m; + (^(l 1 ,l 2 )) t = o. 


Corollary 4.1.1. If 


tl t-2 

v (y, z) = Uy l + cyz-J2 s ^\ 


then L\ is a £ 2 + 1-band matrix, having thus ^ 2 — 1 subdiagonals below the main 
diagonal; also, L 2 is a i\ + 1-band matrix, with f\ — 1 subdiagonals above the main 
diagonal. 

Theorem 4.2 (‘'Toda equations”). The Borel decomposition of the moment 
matrix for the weight e v 


I ft(S 2 -‘) T = S^S,_ 


(4.8) 


provides matrices S) such that L = (L 1; L 2 ) = (S'lAS'f 1 , S' 2 A T S'^" 1 ). With regard to 
the parameters (t, s, c ) appearing in the weight e v , the matrices and L satisfy 
the two-Toda equations and symmetry equations Q 




Corollary 4.2.1. The moment matrix m^it, s, c) can be expressed in terms of its 
initial value m ^(0, 0, 0) as follows: 



32 











Corollary 4.2.2. The string-orthogonal polynomials, defined in (3.1) or (4.3), have 
the following expression in terms of the r-function r n = det m n (see (0.3) and foot¬ 
note 2): 


p m {y) = v nTjt-yyuy 


T n (t,S,c) 


£Hz) = yThUKM 


y, Pn-k(-dt) det m n (t,s,c) k 

j ___ i j . _ y 


T n (t,S,C) 

_ ^ Pn—k(d s ) det m n (t, s , c) y 


0 <k<n det m n (t,s,c) 0 <^ n det m n (t,s,c) 

Theorem 4.3 (“Trace formula”). ([ASV4]) The following holds for n,m > —1: 

E (i ? +1 = - 1 

0<i<N—l 


T N (t,S 


-p n+N (d t )p m+N (-d s )T 1 O Tjv_i 


Remark 1 : Alternatively, also according to [ASV4], the above formula can be written 
in terms of derivatives of Tn~i with coefficients involving the moments p l3 = (y l , z J ), 
defined in (0.3): 


E (i ; +1 i? +1 )« 

0<i<V-l 


-77 7 E RiiPi'(-^)Pj'(^)TAr-l(Rs). 

T]y(t,S) i+i=n+N 
j+j'=m.+N 


The reader will find the proof of Theorem 4.3 in [ASV4], Before proving Theorems 
4.1 and 4.2, we first need a few Lemmas: 

Lemma 4.4. The matrices L*, L,, Mi, M), Q\, Q 2 satisfy: 

um] j L 1 = S 1 ASf 1 , L 2 = S 2 AS 2 1 

(4 - iUj \ Li = SiA T Si\ L 2 = S 2 A T S 2 ' 

and 

dV\ , - dV 9 -r 

(4.11) Mi = Qi + Ml = h~ x Q 2 h + -^(Ll). 

Proof : From (4.3) and (4.4), 

LiSix(z) = Lipi = zpi = zSix(z) = Sizx(z) = S L Ax(z), for all z, 
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together with L\ = hLjh _l , implies the formulas (4.10) for L\ and L p a similar 
argument implies those for L 2 and L 2 . 

To prove (4.11), observe, from (4.3) and (4.4), that for dp = dz^t, s, c; z) 


M x d>, = 


<9dq 

dz 




E khz*- 1 * 1 + 

fc>i 


e 





(E^L^ + QO^!, 

+«>)»*• 


and similarly that for d^ = d^t, s, c; z), 


M^2 


dV*2 

dz- 1 


d 


dz~ 


T (e-*"' z - k h- 1 pW(z- 1 )) 


-E ks k z~ k+1 ^* + e~^ SkZ ~ 


—k+l x 
~\~ \ k 1 -»t r ^ 1 S s I? z 


T; + e” 


i^L 2 


rl aE <2,(2 ~ I) 


concluding the proof of Lemma 4.4. 

Proof of Theorem 4.1 : The following calculation, must be done in the following 
spirit: for arbitrarily large m, set all U = 0, for i > 2m and £ 2 ™ 7 ^ 0. Using in the 
fifth equality the fact that c i0 = U and c 0i = — Sj (see (4.1)), compute, for all integer 
n and m > 0 , 


° = Vl[y) dz)]dy 

= J u eVl{y) {^-(y)Pn\y) + ^-(j/)) Pm (z)e v ~ Vl dz^j dy 

+ i R eyife) ' P ” 1 ) ( ?/ )(iR P ™ ) ( Z ) ey ~ yi ^ ( ' 1/ ~~ )dz)dy 

= f u Y,(Qi)ntp?(y) (/ E ?, ™ ) (") eV ^) dy + 
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Z(<2i)^ [ [ 2 Pe 1 \y)Pm(-)e V(y,z) dydz 

£ J J IR 

+ / f 2 Pn\y)Pm( z ) E ic ij y i - 1 z^e v dydz 

J JR 2 *>0 

i>o 

{Ql)nmh m + J2 ic ij / / 2 (^“W'’ (y)) ( z )) d ydz 

id J 

= (Ql)nmh m + J2i c ij f f 2 ( K J2( L t 1 )naP i a\y))(j2^2)rnpPp\z))e V dydz 

i,j J JIR “ a p 

(■ Qi)nmhm + Z ZRi” 1 W-4W [ f Pa ] (y)Pp ) {z)e v dydz 
• • _ n J J ]R Z 


i,j a,0 

i.Ql)nmdm T ^ )na (-^-^ma^o 

2 j,q:>0 

(Ql)nm^m “1“ ^ ^ iCij(L i )m(^ / 2)am^'n 

j (Ql)nra H - ^ y iCij^L i L^nm J /i m 
\ *j >0 / 


— ( Qi + (Ti, l 2 ) J h m , 

upon using, in the equality =, the property h(L ] 2 ) = (see (4.4, iii)); since 

h m 7 ^ 0, relation (4.6, i) holds. 

The proof of (4.6, ii) is similar to the previous proof, upon interchanging 1 <-> 2 

and m <■—> n; indeed, compute for all m and n, 

° = Lrz eWp ^ z) U^' { «Hv)e VM -™d V )dz 

= {Q2)mnK+ Z j°ij [ [ 2 (^Pm ( Z ) ) (v'Pn '’ {y)e V dydz 

i,j> 0 

(Q 2 )mnh'n ^ ' jE? ^ ( (-^2 )m«(-^l)n/3 I j Pa[z)Pp{]J^)& dydz 

i,j a,P 

(Q 2 ) m.nhn + Z J C ij(L 2 ) ma(-^i)no!^Q 

ij,a>0 

- ((O 2 ) mn H“ z JCy(^2 ^ met (A) anj 

2 j,o :>0 
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m,n 


~ Q2 + 


'dV 

dz 


m,v 2 



h n ■ 


upon using in = that h(L\) = L\h (see (4.5, iii)). 

Now observe from (4.6) (i) and (4.11) that 

dV dV* dV,o 

0 = Q 1 + —( Ll , L 2 ) = Q 1 + ^l i L 1 ) + -^{L 1 ,L 2 ) 

= M, +^(L b L 2 ), 

yielding (4.7)(i). To prove (4.7)(ii), compute from (4.6)(ii) and (4.11) that 


0 


h~ 1 Q 2 h + h~\ hLJh 

h 1 Q 2 h + L 2 )^J , 

h 1 Q 2 h + + (—— (Ti,T 2 )) 


dz 

M2 ‘ + (^ 7 (il ' £2) ) T ’ 


concluding the proof of Theorem 4.1. 

Proof of Corollary 4.1.1: From (4.6(i)) and (4.6(h)), it follows that 


h h 

Q 1 + it l V~ l + cL 2 = 0 and hQlh~ l + cL 1 — y= 0. 

1 1 

But Q 1 is zero on and above the diagonal; J2 1 1 iUL 1 ^ 1 has t\ — 1 subdiagonals above 
the main diagonal and zeroes beyond, and thus also L 2 . Similarly Qj has zeroes on 
and below the diagonal; J2 1 2 l 2 ~ 1 has £ 2 — l subdiagonals below the main diagonal 
and zeroes beyond, and thus also Li, establishing the corollary. 
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Lemma 4.5. The wave operators S = (S i, S 2 ) satisfy for n = 1, 2,..., and a , (3 

0 , 1 ,..., 


(4.12) 


dSi 
Ot n 
dS 2 
0 1 „. 


= -<LV t S u 

= ra a 


and the wave vectors 44 and 44 


(4.13) 


0 ) 


u 


(hi) 


dt n 

ds 


dSi 

8s n 

dS 2 

ds n 


= (LfitSu 

= -(l%) u s 2 , 


dSi 
dc, 


a/3 


= —(L^L^eSi 


dS 2 


dc, 


a/3 


= (L?Lf) u S 2 


dc, 


af3 


(Wk-fM)J T ) (*i.*5) n— 1 , 2 ,... 

((£?k - ((L5),) t ) C®!, ■J'J) 

(-(£?£?)<, - „) T ) (».,*;) o, p > 0. 


Proof : Since and p ® are monic polynomials, 

(4.14) i — 1.2 

C>C 0‘I3 m <k 


with Th 1 ) and Ad3 e D_ 00 _ 1 . So, for arbitrary £ and k > 0, 


9 


(9c 




V 

,( 1 ) 


7rKpf } > + (p! 1} , ^p-} + {y^k^pf) 


dc v 

V 4 

/ v ^-km 
m<k 


dci 


v 


w (pZ\ J2) 


pP) + £ ) + Oi’iW^MpihpJ?) 

m<^ m,n 


— A\J he + hfe + y~l(L^) kr (Li)e r h r 

r 

( =A^h e + A^h k + T {L\) k ML{) r e 

I r 

or \ 

| = AJhi + A[ k h k + X) (-^4)fr(-^l)rfc^fc 


using (4.4) (iii) 
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leading to 


(4.15) 


£ < k 
= k 


0 = 
d 


-^{pP’P?) K } + ( L \ L ^h 


£ = k —h = (. L[Li) 0 h 

£> k 0 = -^-{Pk\pf ] ) = (A?k + {L{L\)tk)h k . 


Setting these expressions for the matrices e V_ oc _i in (4.14), leads to 
(4.16) = -(LfL?)^ 1 ) and = -(LfL?)*p< 2 >. 

Since p (1) = Six and p ® = S 2 x, (4.16) leads to 


dS 1 

dc, 


= —(L“L%) e Si and = -(L?L?)*S 2 , 


'af3 


(4.17) 

for integer a,/3 > 0, and since S 2 = /r(S'^" 1 ) T , 

c)^ 2 dh /=i\T ; <9^2 5 - 

<9c a/3 ^ 2 ' V 2 ^ 2 


(9c, 


-a:/? 


-\ -/ 

= ((ifif)o + fe((ifif) i ) T fe- 1 ) S 2 , using (4.15), (4.17), 

= f(L?L?)„ + (((£f£?) T ) ( ) W using (4.4(iii)) 




from which it follows that 

(4.18) = -((L?L«)J T (S 2 - 1 ) T . 

OCql(3 

In particular, setting c n0 = t n or —c 0n = s n leads to (4.12). 

Since, according to the definition (4.3), 

^ = e a “‘W and ^ = 

depends on c Q/ 3 , a,/3 > 1, through Si and S 2 only, the expressions for dSi/dc a p 
and dS 2 /dc a0 yield the corresponding derivatives (4.13, iii). Equations (4.13, i) and 
(4.13, ii) follow from (4.13, iii), taking into account the fact that t n and s n also 
appear in the exponents of (4' 1 , 4/*). This ends the proof of Lemma 4.5. 
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Proof of Theorem 4.2: The formulas 


L\ = S v ASf 1 , L 2 = S 2 A T Si\ 

and the expression (4.8) for moo combined with the differential equations (4.12) for 
Si lead to 

drrioo _ dS± l S 2 

dc a p dc a f) 

= Si 1 (L < ZL$) e Si 1 S 1 S 2 + S^{L^) u S 2 

_ 0—1 r«Po 

0 1 Li-^Li 2 iJ 2 

= A a Si 1 S 2 A TI3 = A Q mooA T/3 , 

and thus the conclusion of Theorem 4.2. Corollary 4.2.1 is an immediate consequence 
of Theorem 4.2, while Corollary 4.2.2 follows from (1.16), (1.17) and (4.3). 


5 Virasoro constraints on two-matrix integrals 

For the general 2-Toda lattice, define the bi-infinite matrices for all integer i > —1, 

(5.1) „{» = L\ +1 (M, + A^(L u L 2 )), v f = -(Mg + L 2 ))L\*\ 

(bi-infinite 2-Toda lattice). 

Note that, according to the formula preceeding (1.10), we have 

(5.2) 


M* t = L7 1 - M 2 . 


In view of formulas (1.39), define differential operators JC^\ and £)“) for m > 0, 
i > —1, ck — 1,2, 

(5.3) 

(d — lu/( 2 ) _i_ u _i_ i '\w( 1 ) ^ ^ 




■= ^> + (i + l)W%+j:rc rsdc 


r,s> 1 ul H+r,s 


1 ,(2) / j + 1, T (1) V- d m(m +1) , 

— + ( m H —)Ji + X! rCrs ~pT 1 3 fa 


s>l LyL 'i-\-r,s 


_ (i) m(m + 1 ) 

m,i ' 


and 
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(5.4) 


r( 2 ) — i yir ( 2 ) _ wW + sr _— 

''-'m,* •“ VV m-l,i w bCrs Q 

~ r,s> 1 ! 


= 2 J ‘ <2> “ (m+ 2 


T,s+i 

i + l,~(i) ^ (9 (m—l)(m + 2 ) 


')9j + X! SCrs 


r,s>l 


(9c 


+ 


->iO 


r,s+i 


^(2) , (m-l)(m + 2) Jf 

• ^'m. i ' r> • 


■'m,2 ■ 2 

Consider the usual weight e y , the corresponding string-orthogonal polynomials, the 
semi-infinite wave vectors 'hi and 'h 2 derived from them in (4.3) and the semi¬ 
infinite matrices Li, L 2 , Mi, M£ defined in (4.4) and (4.5). Note that in this context 
neither L 2 1 nor M 2 appearing in (5.2) make sense although the combination M 2 T = 
L 2 1 — M 2 makes perfectly good sense. 

Recall the bracket { , } introduced in (2.5) and made explicit in (2.6); we now 
state 

Theorem 5.1. For the general 2-Toda lattice, the bi-infinite matrices v- a> (i > —1, 
a — 1,2) form a (decoupled) algebra Vir + 8 Vir + for the bracket { , }: 

(5.5) (4 Q) , = (-1) Q+1 (* - j)v\% vf} = 0. 

For string-orthogonal polynomials, we have 


v \ a = 0 and tq = 1 ; 


they imply for 


7~m. 


v(Uk,Vk) - u j) iik - v j) du dv 

m\ J Ju,v& R m l<} l<3 

the algebra Vir + 8 Vir + of constraints 

(5.6) + m ^ + = 0, for m > 0, i > -1, a = 1, 2. 

Lemma 5.2. For the general 2-Toda lattice, we have the following correspondence 
for the vector field Y ( a ) acting on the wave functions ('hi, 'hJj): 


(5.7) 


(((-) l D T ^ t 2 h 


= e 


= e 71 


1 ) 


r(“) T 


1 ) 


L -m,i Trn 


firo+M ' m + 1 _|_ L 'm,i Tm 
7m+1 T m 


(m + l)h 


iO 


for i, m G Z,a = 1, 2. 
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Proof of Lemma, 5.2 : At first observe that v\ 1 ^ and vf^ defined in (5.1) equals, 
v, = M X L i +1 + (i + 1)L[ + rc rs L\ +r L s 2 

r,s> 1 

vf ] = Af 2 L * +1 -LI - Y. sc rs L\U+ s . 

r,s> 1 


Then using (1.27) and (1.27’), (4.13,(iii)), Corollary 1.2.1 and the notations (5.3) 
and (5.4), we have the following: 




'I'l , m Z r 


Vi 




2 ,m* 


( (t)^ 

/_-j^a \\ u i 


vT/. z m 

1 1 ,m A 




7"rr 


= (e«-l) 


^ 2 ,m 2 

Tm 
*(“), 


/c (Q) 






T~m +1 


Trr 


ri a ) 

( e -„_l)^rrMAn 

7~m. 


r*yoc) r{ a ) r( a ) 

/ 77 i \ •^'m+1,2^Vn+1 , . i \ e 

= (e ' — 1)---1--(m + l)oj 0 , 


T~n 


T~m+1 


T„ 


where the term (m + 1 ) 5*0 is caused by the constant which distinguishes from 
/C.[-, ending the proof of Lemma 5.2. 


Proof of Theorem 5.1 : That the matrices wf 1 ' 1 form an algebra Yir + < 8 )VTr + for { , } 
with structure relations (5.5) follows immediately from Theorem 2.3. Since the maps 


v,{,} ^ y„,[, ; 


and 

Y.„ acting on L > Y,. acting on r 

are Lie algebra homomorphisms, the vector fields Y («> induce on r an algebra 

^ i 

Vir + 8 ) Vir + of constraints, as well. 

For string-orthogonal polynomials, the matrices Li,Mi,L 2 and M 2 satisfy the 
string relations (4.7), implying, upon multiplication by L 1 ^ 1 and L 2 +1 respectively, 
that both and vf“ = 0 for i > — 1; thus the right hand side of (5.7) vanishes. But 
the terms on the right hand side of (5.7), containing e~ v — 1 and e fl — 1, are Taylor 
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series in z 1 and z respectively, without independent term, whereas the remaining 
part is independent of z\ therefore we have 

r .(a) 

— = a^(m, i,c), m> 1 and a = 1,2, 

7m 


is a function of m,i,c = (, independent of t and s. Substituting the latter into 
the right hand side of (5.7), yields the difference relation 
(5.8) 


A a ) — 

*-771+1,1 'rra+l 

7)77+1 


C [a) T 

7~m. 


+ (m + l)<5jo = ( m + 1, b c) — (m, i, c) + (m + l)5 i0 = 0, 


for m > 0, i > —1 and a = 1, 2. Moreover, since jC^f (for i > —1) is a differentiation 
operator, and since r 0 = 1, we have the boundary condition 


/•(<*) 

(5.9) a^ a) (0, i, c) = — 1 = 0, for i > — 1. 

To 


So, the difference relation (5.8) together with the boundary condition (5.9) implies 


af • \ ™>(m + !) r ^ n • ^ 1 

a (m, i,c) = - - -o,:o, m> v,t> —1, 

establishing Theorem 5.1. 

Corollary 5.1.1. For the two-matrix integral tn, relations (5.6) are equivalent to 


N-l 


jr + (2 N+t +1 )jr + n(n + 1 ) jr + 2 e rCrs e (^e^u 1 ^ = 0 

r,s>l a=0 



(2 N + i + 1)JV + N(N + 1 )Jr + 2 Y2 sc rs E ( L i L 2 + %« 1^ = 0, 

r,s>l a=0 J 

for i > — 1 and N > 0. 


?(o) 


N-l 


In particular, when V\ 2 = cyz, we have 

(4 2) + (2N + i + 1) jf } + N(N + 1) jf } ) t n + 2c p l+N (d t )p N (-d s )T 1 ° r N ^ = 0 


(jP-(2N + i + l)J^ + N(N+l)ji 0) )r N + 2cp N (dt)Pi + N(-9 s )riOT N _ 1 = 0 
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or, in terms of the moments Hij, 

(jV+ {2N + i + l)jj; 1) + N(N+1 )jI; 0) )t n + 2c £ HktPk'(-dt)pi'{ds)T N -1 = 0 

' ' fc+fc —JV+2 

t+e’=N 

k,k',ej'> o 

(jf ) -(27V + i + l)j( 1) + 7V(7V + l)j(° ) ) TiV + 2c £ liuPk'{-~dt)w{ds)r N - 1 = 0 

' ' k+W=N 

£ + e>=N+i 
k,k',t,t'> 0 

for i > — 1 arid IV > 1. 


Proof : It suffices to replace the partial derivatives)^] 


dpv 


(*) 

(**) 


IV! ———/i 0 .. .hi... h N _ i, using Theorem 3.2, 

U) dc a p 

N -1 _ 

IV! yy (LiL^ahiho .. .hi... hx-i, using Proposition 1.1, 

i=0 

N-l N—l 

M J2 n h k 

i=0 0 

N—l 

r N J2( L iLo)u, using (3.9), 

i=0 

p Q+JV -i(d t )P/3+iv-i(4)n O Tjv- 1 , using theorem 4.3, 


in the expression (see (5.3) and (5.4)) of (5.6) by the multiplication operator 
(*). For V 12 = cyz, one replaces by the Hirota-type expression (**) and then 
one sets all Cij = 0, for all i,j > 1, except cu = c; the second set of equations uses 
the formula in Remark 1, following Theorem 4.3, thus ending the proof of Corollary 
5.1.1. 


Note that, since 
d pAn I 

<&>'*■ = v 

uz k=0 ' 


P 

k 


(n) k zn - k (j-y- k 


pAn p, 

P,n> o 

k=0 az 


15 h, means with hi omitted 
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we have using (1.20), that 

pAn / \ 

[LJ.Mf] = £>.with <*<"•'> := ) 


n h 


k =0 


(M 2 -L 2 ->)“ = 5:4">M 2 “-‘L 2 -‘, with /?<">:= 

Defining 
(5.10) 



(-i)t A 


(n) 


«fc : = 


a 


(*j) 


(-c) J '(j - A:+ 1) 

we now state 

Theorem 5.2. For V] 2 = cyz, we have 

iAj 


o(i) 

and = 7^ A: 


(i — h + l)c* ’ 


fc =0 


+ V / 5 (i) wh- fe + 1) V - h x T j j > n 

(A, vv m,i-j w l_jPk vv m-l,j-i) r m ~ ( _ c yi°V T mi L i J d U 


Proof : For V 12 = cyz , the string equations = 0 (see (5.1)) reduce to 
(5.11) 
implying 


Mi + cL 2 = 0 and M 2 T + cL { = 0, 


(--) j L[M{ - L\L{ = 0 and (-W-M 2 * T )^2 - L\L{ = 0. 
c c ~ ' 

Subtracting we find, upon replacing M 2 T by the expression (5.2), 

0 = (d)SL[M{ - (-n-MfYLi 


c 

. 1 ,,, 


= (—)’L\M{ - H’(M 2 - L-IJ-LJ 


7 2 
j(i) 


iAj (i,j) i ok 

= E j^-M{~ k L\~ k - E \Mi~ k L{- k . 

k= o ( _C F fc=o c * 

Applying Corollary 1.2.1, we have, using the notation (5.10), 


/ . . . o(») 

i Z_//c=0 ( — cV 1 1 Z-^k=0 c l 2 2 / 1 


(5.12) 


0 = 




= (e -r? 


1) 


(Eo 


i/\j _(i,j) u/ 0--fe+ 1 ) / 5(i) T T / (i-fc+l) ] 

fc ** rriyi—j '2-^0^k m 
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and 


JiJ) n (i) \ \ T 

^Mt k L\- k -Yl /-Js r Mi- k Li- k ) W 
£-ik=0 ( -c)J 1 1 i—!k = 0 c 1 2 2 ) uJ 


Z~ r ‘ 

2 ,m 


(5.13) 


0 W / m,7- J +1) + Eo Pf T-rn 


— O 

Tm 



j ' 2-^k=0 m,j — i J m +l 



lm+1 


Upon using the same argument on (5.12) and (5.13) as in the proof of Theorem 5.1, 
one shows the ratio is independent of t and s; so 


/vh>l)pj/(i- fc + 1 ) I v^'i /^h)pr/h- fc + 1 ) N \ 
1^0 a k vv in,i—j ' 2-.0 Pk vv ) ' m 


Un 

and according to (5.13), 

a*- 7 (m + 1, c) = a*- 7 (m, c), m - 

Then, we compute (5.14) for m = 0: 
a^(0,c) 


= : a*- 7 (m, c), 


m = 0,1, 2,... 


a y (0, c) = 


j ~r Ufc=oPfe” -lj-i yT) 


(Sttfif'(O)j-n-i^ + EU&W i-knhjh 

TO 

((differential operator) + (polynomial int))r 0 

+---—, usi: 

r 0 

= (3l(l)i5ij + (polynomial in t) since To = 1, (O^-fc+i = 0 
= - — . — —Sij, since a lJ (0, c) is independent of t 


, using (1.49), 
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